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INTRODUCTION
Algebraic classification (up to isomorphism) of algebras of small dimension from a certain variety defined
by a family of polynomial identities is a classic problem in the theory of non-associative algebras. There
are many results related to algebraic classification of small dimensional algebras in varieties of Jordan,
Lie, Leibniz, Zinbiel and other algebras. Another interesting approach of studying algebras of a fixed
dimension is to study them from a geometric point of view (that is, to study degenerations and deformations
of these algebras). The results in which the complete information about degenerations of a certain variety
is obtained are generally referred to as the geometric classification of the algebras of these variety. There
are many results related to algebraic and geometric classification of Jordan, Lie, Leibniz, Zinbiel and other
algebras [1, 4, 6–14, 16, 17, 19, 20, 22–25, 27–33, 38].
Noncommutative Jordan algebras were introduced by Albert in [3]. He noted that the structure theories
of alternative and Jordan algebras share so many nice properties that it is natural to conjecture that these
algebras are members of a more general class with a similar theory. So he introduced the variety of non-
commutative Jordan algebras defined by the Jordan identity and the flexibility identity. Namely, the variety
of noncommutative Jordan algebras is defined by the following identities:
x(yx) = (xy)x,
x2(yx) = (x2y)x
The class of noncommutative Jordan algebras turned out to be vast: for example, apart from alternative
and Jordan algebras it contains quasiassociative algebras, quadratic flexible algebras and anticommutative
algebras. However, the structure theory of this class is far from being nice. Nevertheless, a certain progress
was made in the study of structure theory of noncommutative Jordan algebras and superalgebras (see, for
example [5, 26, 34–37]).
In this paper, our goal is to obtain a complete algebraic and geometric description of the variety of all 4-
dimensional nilpotent noncommutative Jordan algebras over the complex field. To do so, we first determine
all such 4-dimensional algebra structures, up to isomorphism (what we call the algebraic classification), and
then proceed to determine the geometric properties of the corresponding variety, namely its dimension and
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2description of the irreducible components (the geometric classification). Note that, every 2-step nilpotent
algebra is a noncommutative Jordan algebra and the algebraic and geometric classification of complex 4-
dimensional 2-step nilpotent algebras can be found in [29].
Our main results are summarized below.
Theorem A. There are only 18 non-isomorphic complex 4-dimensional nontrivial nilpotent noncommuta-
tive Jordan algebras, described explicitly in Appendix A.
From the geometric point of view, in many cases the irreducible components of the variety are determined
by the rigid algebras, i.e., algebras whose orbit closure is an irreducible component. It is worth mentioning
that this is not always the case and already in [15], Flanigan had shown that the variety of 3-dimensional
nilpotent associative algebras has an irreducible component which does not contain any rigid algebras —
it is instead defined by the closure of a union of a one-parameter family of algebras. Here, we encounter
a different situation. Informally, although Theorem B shows that there are three generic algebras and two
generic parametric families in the variety of 4-dimensional nilpotent noncommutative Jordan algebras.
Theorem B. The variety of complex 4-dimensional nilpotent noncommutative Jordan algebras has dimen-
sion 14. It is definded by 3 rigid algebras and two one-parametric families of algebras, and can be described
as the closure of the union of GL4(C)-orbits of the following algebras (α ∈ C):
N2(α) : e1e1 = e3 e1e2 = e4 e2e1 = −αe3 e2e2 = −e4
N3(α) : e1e1 = e4 e1e2 = αe4 e2e1 = −αe4 e2e2 = e4
J407 : e1e2 = e3 e1e3 = e4 e2e1 = e3 + e4 e2e3 = e4 e3e1 = e4 e3e2 = e4
J417 : e1e1 = e4 e1e2 = e3 e2e1 = −e3 e1e3 = e4 e2e2 = e4 e3e1 = −e4
J418 : e1e1 = e2 e1e2 = e3 e1e3 = e4 e2e1 = e3 e2e2 = e4 e3e1 = e4.
1. THE ALGEBRAIC CLASSIFICATION OF NILPOTENT NONCOMMUTATIVE JORDAN ALGEBRAS
1.1. Method of classification of nilpotent algebras. Throughout this paper, we use the notations and
methods well written in [6, 21], which we have adapted for the noncommutative Jordan case with some
modifications. Further in this section we give some important definitions.
Let (A, ·) be a noncommutative Jordan algebra over C and V be a vector space over C. The C-linear
space Z2 (A,V) is defined as the set of all bilinear maps θ : A×A −→ V such that
θ(x, yz) + θ(z, yx) = θ(xy, z) + θ(zy, x)
θ(xt, yz) + θ(tx, yz) + θ(tz, yx) + θ(xz, yt) + θ(zt, yx) + θ(zx, yt) =
θ((xt)y, z) + θ((tx)y, z) + θ((xz)y, t) + θ((tz)y, x) + θ((zx)y, t) + θ((zt)y, x)
These elements will be called cocycles. For a linear map f fromA to V, if we define δf : A×A −→ V
by δf(x, y) = f(xy), then δf ∈ Z2 (A,V). We define B2 (A,V) = {θ = δf : f ∈ Hom (A,V)}. We
define the second cohomology space H2 (A,V) as the quotient space Z2 (A,V)
/
B2 (A,V).
Let Aut(A) be the automorphism group of A and let φ ∈ Aut(A). For θ ∈ Z2 (A,V) define the action
of the group Aut(A) on H2 (A,V) by φθ(x, y) = θ (φ (x) , φ (y)). It is easy to verify that B2 (A,V) is
invariant under the action of Aut(A). So, we have an induced action of Aut(A) on H2 (A,V).
LetA be a noncommutative Jordan algebra of dimensionm over C and V be a C-vector space of dimen-
sion k. For θ ∈ Z2 (A,V), define on the linear space Aθ = A ⊕ V the bilinear product “ [−,−]Aθ” by
[x+ x′, y + y′]
Aθ
= xy + θ(x, y) for all x, y ∈ A, x′, y′ ∈ V. The algebra Aθ is called an k-dimensional
central extension ofA by V. One can easily check thatAθ is a noncommutative Jordan algebra if and only
if θ ∈ Z2(A,V).
Call the set Ann(θ) = {x ∈ A : θ (x,A) + θ (A, x) = 0} the annihilator of θ. We recall that the an-
nihilator of an algebra A is defined as the ideal Ann(A) = {x ∈ A : xA+Ax = 0}. Observe that
Ann (Aθ) = (Ann(θ) ∩ Ann(A))⊕ V.
3The following result shows that every algebra with a non-zero annihilator is a central extension of a
smaller-dimensional algebra.
Lemma 1. LetA be an n-dimensional noncommutative Jordan algebra such that dim(Ann(A)) = m 6= 0.
Then there exists, up to isomorphism, a unique (n − m)-dimensional noncommutative Jordan algebra A′
and a bilinear map θ ∈ Z2(A,V) with Ann(A) ∩ Ann(θ) = 0, where V is a vector space of dimension m,
such thatA ∼= A′θ and A/Ann(A) ∼= A′.
Proof. LetA′ be a linear complement ofAnn(A) inA. Define a linear map P : A −→ A′ by P (x+v) = x
for x ∈ A′ and v ∈ Ann(A), and define a multiplication on A′ by [x, y]A′ = P (xy) for x, y ∈ A′. For
x, y ∈ A, we have
P (xy) = P ((x− P (x) + P (x))(y − P (y) + P (y))) = P (P (x)P (y)) = [P (x), P (y)]A′.
Since P is a homomorphism P (A) = A′ is a noncommutative Jordan algebra and A/Ann(A) ∼= A′,
which gives us the uniqueness. Now, define the map θ : A′ ×A′ −→ Ann(A) by θ(x, y) = xy − [x, y]A′ .
Thus,A′θ isA and therefore θ ∈ Z2(A,V) and Ann(A) ∩Ann(θ) = 0. 
Definition 2. Let A be an algebra and I be a subspace of Ann(A). If A = A0 ⊕ I then I is called an
annihilator component of A.
Definition 3. A central extension of an algebra A without annihilator component is called a non-split
central extension.
Our task is to find all central extensions of an algebraA by a space V. In order to solve the isomorphism
problem we need to study the action of Aut(A) on H2 (A,V). To do that, let us fix a basis e1, . . . , es of
V, and θ ∈ Z2 (A,V). Then θ can be uniquely written as θ (x, y) =
s∑
i=1
θi (x, y) ei, where θi ∈ Z2 (A,C).
Moreover, Ann(θ) = Ann(θ1) ∩ Ann(θ2) ∩ · · · ∩ Ann(θs). Furthermore, θ ∈ B2 (A,V) if and only if
all θi ∈ B2 (A,C). It is not difficult to prove (see [21, Lemma 13]) that given a noncommutative Jordan
algebra Aθ, if we write as above θ (x, y) =
s∑
i=1
θi (x, y) ei ∈ Z2 (A,V) and Ann(θ) ∩ Ann (A) = 0, then
Aθ has an annihilator component if and only if [θ1] , [θ2] , . . . , [θs] are linearly dependent in H
2 (A,C).
Let V be a finite-dimensional vector space over C. The Grassmannian Gk (V) is the set of all k-
dimensional linear subspaces of V. Let Gs (H
2 (A,C)) be the Grassmannian of subspaces of dimen-
sion s in H2 (A,C). There is a natural action of Aut(A) on Gs (H
2 (A,C)). Let φ ∈ Aut(A). For
W = 〈[θ1] , [θ2] , . . . , [θs]〉 ∈ Gs (H2 (A,C)) define φW = 〈[φθ1] , [φθ2] , . . . , [φθs]〉. We denote the orbit of
W ∈ Gs (H2 (A,C)) under the action of Aut(A) by Orb(W ). Given
W1 = 〈[θ1] , [θ2] , . . . , [θs]〉 ,W2 = 〈[ϑ1] , [ϑ2] , . . . , [ϑs]〉 ∈ Gs
(
H2 (A,C)
)
,
we easily have that ifW1 = W2, then
s⋂
i=1
Ann(θi) ∩ Ann (A) =
s⋂
i=1
Ann(ϑi) ∩ Ann(A), and therefore we
can introduce the set
Ts(A) =
{
W = 〈[θ1] , [θ2] , . . . , [θs]〉 ∈ Gs
(
H2 (A,C)
)
:
s⋂
i=1
Ann(θi) ∩Ann(A) = 0
}
,
which is stable under the action of Aut(A).
Now, let V be an s-dimensional linear space and let us denote by E (A,V) the set of all non-split s-
dimensional central extensions ofA by V. By above, we can write
E (A,V) =
{
Aθ : θ (x, y) =
s∑
i=1
θi (x, y) ei and 〈[θ1] , [θ2] , . . . , [θs]〉 ∈ Ts(A)
}
.
4We also have the following result, which can be proved as in [21, Lemma 17].
Lemma 4. Let Aθ,Aϑ ∈ E (A,V). Suppose that θ (x, y) =
s∑
i=1
θi (x, y) ei and ϑ (x, y) =
s∑
i=1
ϑi (x, y) ei.
Then the noncommutative Jordan algebrasAθ andAϑ are isomorphic if and only if
Orb 〈[θ1] , [θ2] , . . . , [θs]〉 = Orb 〈[ϑ1] , [ϑ2] , . . . , [ϑs]〉 .
This shows that there exists a one-to-one correspondence between the set of Aut(A)-orbits on Ts (A)
and the set of isomorphism classes of E (A,V). Consequently we have a procedure that allows us, given a
noncommutative Jordan algebra A′ of dimension n− s, to construct all non-split central extensions of A′.
This procedure is:
Procedure
(1) For a given noncommutative Jordan algebraA′ of dimension n− s, determineH2(A′,C), Ann(A′)
and Aut(A′).
(2) Determine the set of Aut(A′)-orbits on Ts(A
′).
(3) For each orbit, construct the noncommutative Jordan algebra associated with a representative of it.
1.2. Notations. Let A be a noncommutative Jordan algebra with a basis e1, e2, . . . , en. Then by ∆ij we
denote the bilinear form ∆ij : A ×A −→ C with ∆ij (el, em) = δilδjm. Then the set {∆ij : 1 ≤ i, j ≤ n}
is a basis for the space of the bilinear forms on A. Then every θ ∈ Z2 (A,C) can be uniquely written as
θ =
∑
1≤i,j≤n
cij∆ij , where cij ∈ C. Let us fix the following notations:
Ji∗j — jth i-dimensional nilpotent noncommutative Jordan algebra with identity xyz = 0
Jij — jth i-dimensional nilpotent ”pure” noncommutative Jordan algebra (without identity xyz = 0)
Ni — i-dimensional algebra with zero product
(A)i,j — jth i-dimensional central extension ofA.
1.3. The algebraic classification of 3-dimensional nilpotent noncommutative Jordan algebras. There
are no nontrivial 1-dimensional nilpotent Jordan algebras. There is only one nontrivial 2-dimensional nilpo-
tent Jordan algebra (it is the non-split central extension of 1-dimensional algebra with zero product):
J2∗01 : (N1)2,1 : e1e1 = e2.
Thanks to [6] we have the description of all central extensions of J2∗01 and N2. Choosing the Jordan alge-
bras from the central extensions of these algebras, we have the classification of all non-split 3-dimensional
nilpotent Jordan algebras:
J3∗02 : (N2)3,1 : e1e2 = e3, e2e1 = e3;
J3∗03 : (N2)3,2 : e1e2 = e3, e2e1 = −e3;
J3∗04(λ) : (N2)3,3 : e1e1 = λe3, e2e1 = e3, e2e2 = e3;
J301 : (J
2∗
01)3,1 : e1e1 = e2, e1e2 = e3, e2e1 = e3.
1.4. 1-dimensional central extensions of 3-dimensional nilpotent noncommutative Jordan algebras.
1.4.1. The description of second cohomology spaces of 3-dimensional nilpotent noncommutative Jordan
algebras: In the following table we give the description of the second cohomology space of 3-dimensional
nilpotent noncommutative Jordan algebras
5A Z2 (A) B2(A) H2(A)
J3∗
01
〈∆11,∆12 +∆21,∆13,∆23 +∆32,∆31,∆33〉 〈∆11〉 〈[∆12] + [∆21], [∆13], [∆23 +∆32], [∆31], [∆33]〉
J3∗
02
〈∆11,∆12,∆13 +∆31,∆21,∆22,∆23 +∆32〉 〈∆12 +∆21〉 〈[∆11], [∆13] + [∆31], [∆21], [∆22], [∆23] + [∆32]〉
J3∗
03
〈∆11,∆12,∆13 −∆31,∆21,∆22,∆23 −∆32〉 〈∆12 −∆21〉 〈[∆11], [∆13]− [∆31], [∆21], [∆22], [∆23]− [∆32]〉
J3∗
04
(λ) 〈∆11,∆12,∆21,∆22〉 〈λ∆11 +∆21 +∆22〉 〈[∆11], [∆12], [∆22]〉
J3
01
〈∆11,∆12 +∆21,∆13 +∆22 +∆31〉 〈∆11,∆12 +∆21〉 〈[∆13] + [∆22] + [∆31]〉
where J3∗01 = J
2∗
01 ⊕ Ce3.
1.4.2. Central extensions of J3∗01. Let us use the following notations:
∇1 = [∆12] + [∆21], ∇2 = [∆13], ∇3 = [∆23] + [∆32], ∇4 = [∆31], ∇5 = [∆33].
The automorphism group of J3∗01 consists of invertible matrices of the form
φ =

x 0 0y x2 u
z 0 v

 .
Since
φT

 0 α1 α2α1 0 α3
α4 α3 α5

φ =

α∗ α∗1 α∗2α∗1 0 α∗3
α∗4 α
∗
3 α
∗
5


the action of Aut(J3∗01) on subspace
〈 5∑
i=1
αi∇i
〉
is given by
〈 5∑
i=1
α∗i∇i
〉
, where
α∗1 = x
2(xα1 + zα3);
α∗2 = u(xα1 + zα3) + v(xα2 + yα3 + zα5);
α∗3 = x
2vα3;
α∗4 = u(xα1 + zα3) + v(xα4 + yα3 + zα5);
α∗5 = 2uvα3 + v
2α5.
It is easy to see that the elements ∇1 and α2∇2 + α4∇4 + α5∇5 give algebras with 2-dimensional anni-
hilator, which were described before. Since we are interested only in new algebras, we have the following
cases:
(1) α2 6= α4, then:
(a) if α3 6= 0, then choosing x = α4−α2α3 , y =
x(α5α1−α2α3)
α2
3
, z = −xα1
α3
, u = −vα5
2α3
, we have the
representative 〈∇3 +∇4〉.
(b) if α3 = 0, then α1 6= 0 and:
(i) if α5 6= 0, then choosing x = (α4−α2)
2
α1α5
, v = x(α4−α2)
α5
, u = −v(xα2+zα5)
xα1
, we have the
representative 〈∇1 +∇4 +∇5〉.
(ii) if α5 = 0, then choosing v =
x2α1
α4−α2
, u = −vα2
α1
, we have the representative 〈∇1 +∇4〉.
(2) α2 = α4, then:
(a) if α3 6= 0, then choosing z = −xα1α3 , y = −xα2+zα5α3 , u = −vα52α3 , we have the representative〈∇3〉.
(b) if α3 = 0, then α1 6= 0 and choosing u = −v(xα2+zα5)xα1 , we get the representatives 〈∇1 + ∇5〉
and 〈∇1〉 depending on whether α5 = 0 or not. Since ∇1 give an algebra with 2-dimensional
annihilator, we have only representatives 〈∇1 +∇5〉.
Now we have five new 4-dimensional nilpotent noncommutative Jordan algebras constructed from J3∗01:
J402, J
4
03, J
4
04, J
4
05, J
4
06.
The multiplication tables of these algebras can be found in Appendix.
61.4.3. Central extensions of J3∗02. Let us use the following notations:
∇1 = [∆11], ∇2 = [∆13] + [∆31], ∇3 = [∆21], ∇4 = [∆22], ∇5 = [∆23] + [∆32].
The automorphism group of J3∗02 consists of invertible matrices of the form
φ1 =

x 0 00 v 0
z w xv

 or φ2 =

0 u 0y 0 0
z w uy


Since
φT1

α1 0 α2α3 α4 α5
α2 α5 0

φ1 =

α1x2 + 2α2xz α∗ α2x2vα∗ + α3xv α4v2 + 2α5vw α5xv2
α2x
2v α5xv
2 0

 ,
the action of Aut(J3∗01) on subspace
〈 5∑
i=1
αi∇i
〉
is given by
〈 5∑
i=1
α∗i∇i
〉
, where
α∗1 = α1x
2 + 2α2xz;
α∗2 = α2x
2v;
α∗3 = α3xv;
α∗4 = α4v
2 + 2α5vw;
α∗5 = α5xv
2.
Note that (α2;α5) 6= (0; 0) and since
φT2

α1 0 α2α3 α4 α5
α2 α5 0

φ2 =

α4y2 + 2α5yz α∗ α5y2uα∗ − α3yu α1u2 + 2α2uw α2yu2
α5y
2u α2yu
2 0

 ,
we can always assume α2 6= 0.
Thus, we have the following cases:
(1) α3 6= 0, then:
(a) if α5 6= 0, then choosing x = α3α2 , v = α3α5 , z = −xα12α2 , w = −vα42α5 , we have the representative〈∇2 +∇3 +∇5〉.
(b) if α5 = 0, then:
(i) if α4 6= 0, then choosing x = α3α2 , v =
α2
3
α2α4
, z = −xα1
2α2
, we have the representative
〈∇2 +∇3 +∇4〉.
(ii) if α4 = 0, then choosing x =
α3
α2
, z = −xα1
2α2
, we have the representative 〈∇2 +∇3〉.
(2) α3 = 0, then:
(a) if α5 6= 0, then choosing v = xα2α5 , z = −xα12α2 , w = −vα42α5 ,we have the representative 〈∇2+∇5〉.
(b) if α5 = 0, then choosing z = −xα12α2 , we have the representative 〈∇2〉 and 〈∇2+∇4〉 depending
on whether α4 = 0 or not.
Now we have six new 4-dimensional nilpotent noncommutative Jordan algebras constructed from J3∗02:
J407, J
4
08, J
4
09, J
4
10, J
4
11, J
4
12.
The multiplication tables of these algebras can be found in Appendix.
1.4.4. Central extensions of J3∗03. Let us use the following notations:
∇1 = [∆11], ∇2 = [∆13]− [∆31], ∇3 = [∆21], ∇4 = [∆22], ∇5 = [∆23]− [∆32].
The automorphism group of J3∗03 consists of invertible matrices of the form
φ =

x u 0y v 0
z w xv − yu

 .
Since
7φT

 α1 0 α2α3 α4 α5
−α2 −α5 0

φ =

 α∗1 α∗ α∗2−α∗ + α∗3 α∗4 α∗5
−α∗2 −α∗5 0


the action of Aut(J3∗01) on subspace
〈 5∑
i=1
αi∇i
〉
is given by
〈 5∑
i=1
α∗i∇i
〉
, where
α∗1 = α1x
2 + α3xy + α4y
2;
α∗2 = (α2x+ α5y)(xv − yu);
α∗3 = 2α1ux+ α3(xv + yu) + 2α4yv;
α∗4 = α1u
2 + α3uv + α4v
2;
α∗5 = (α2u+ α5v)(xv − yu).
Since (α2;α5) 6= (0; 0), we have the following cases:
(1) α5 = 0, then choosing u = 0, we have
α∗1 = α1x
2 + α3xy + α4y
2;
α∗2 = α2x
2v;
α∗3 = α3xv + 2α4yv;
α∗4 = α4v
2;
α∗5 = 0.
(a) α4 = α3 = α1 = 0, then we have the representative 〈∇2〉.
(b) α4 = α3 = 0, α1 6= 0, then choosing v = α1α2 , we have the representative 〈∇1 +∇2〉.
(c) α4 = 0, α3 6= 0, then choosing x = α3α2 , y = −xα1α3 , we have the representative 〈∇2 +∇3〉.
(d) α4 6= 0, then:
(i) if 4α1α4 − α23 = 0, then choosing y = −xα32α4 , v = x
2α2
α4
, we have the representative
〈∇2 +∇4〉.
(ii) if 4α1α4 − α23 6= 0, then choosing v = 4α1α4−α
2
3
4α2α4
, x =
√
vα4
α2
, y = −xα3
2α4
, we have the
representative 〈∇1 +∇2 +∇4〉.
(2) α5 6= 0, then choosing v = −uα2α5 , we have
α∗1 = α1x
2 + α3xy + α4y
2;
α∗2 = − (α2x+α5y)
2
α5
u;
α∗3 = (
2α1α5−α2α3
α5
x+ α3α5−2α2α4
α5
y)u;
α∗4 =
α1α
2
5
−α2α3α5+α22α4
α2
5
u2;
α∗5 = 0.
(a) α4 = 0,
(i) α3 = 0, α1 = 0, then we have the representative 〈∇2〉.
(ii) α3 = 0, α1 6= 0, then choosing x = 0, u = −y2α5α1 , we have the representative 〈∇2+∇4〉.
(iii) α3 6= 0, α1α5 − α2α3 = 0, then choosing x = 0, y = −α3α5 , have the representative〈∇2 +∇3〉.
(iv) α3 6= 0, α1α5 − α2α3 6= 0, then choosing x = α
2
3
2(α1α5−α2α3)
i, y = x(α2α3−2α1α5)
α3α5
, u =
α2
3
2(α1α5−α2α3)
, have the representative 〈∇1 +∇2 +∇4〉.
(b) α4 6= 0,
(i) α3α5 − 2α2α4 = 0, α1α25 − α22α4 = 0, then choosing u = −α4α5 then we have the
representative 〈∇1 +∇2〉.
(ii) α3α5 − 2α2α4 = 0, α1α25 − α22α4 6= 0, choosing x = 0, y =
√
α4(α1α25−α
2
2
α4)
α2
5
, u = −α4
α5
we have the representative 〈∇1 +∇2 +∇4〉.
8(iii) α3α5−2α2α4 6= 0, α1α25−α2α3α5+α22α4 = 0, then choosing x = α4α2
5
, y = x(α2α4−α3α5)
α4α5
,
have the representative 〈∇2 +∇3〉.
(iv) α3α5− 2α2α4 6= 0, α1α25−α2α3α5+α22α4 6= 0, then choosing y = α2α3−2α1α5α3α5−2α2α4x, we get
the representatives 〈α∗1∇1 + α∗2∇2 + α∗4∇4〉, where
α∗1 =
(α1α25−α2α3α5+α
2
2
α4)(4α1α4−α23)
(α3α5−2α2α4)2
x2;
α∗2 = −4(α1α
2
5
−α2α3α5+α22α4)
2
α5(α3α5−2α2α4)2
x2u;
α∗4 =
α1α
2
5
−α2α3α5+α22α4
α2
5
u2.
It gives us the representatives 〈∇2 + ∇4〉 and 〈∇1 + ∇2 + ∇4〉 depending on whether
4α1α4 − α23 = 0 or not.
Thus, we have the following representatives of distinct orbits 〈∇2〉, 〈∇1+∇2〉, 〈∇2+∇3〉, 〈∇2+∇4〉 and
〈∇1+∇2+∇4〉,which give five new 4-dimensional nilpotent noncommutative Jordan algebras constructed
from J3∗03:
J413, J
4
14, J
4
15, J
4
16, J
4
17.
The multiplication tables of these algebras can be found in Appendix.
1.5. The algebraic classification of 4-dimensional nilpotent noncommutative Jordan algebras. Now
we are ready to state the main result of this part of the paper. The proof of the present theorem is based
on the classification of 3-dimensional nilpotent noncommutative Jordan algebras and the results of Section
1.4.
Theorem A. There are only 18 non-isomorphic complex 4-dimensional nontrivial nilpotent noncommuta-
tive Jordan algebras, described explicitly in Appendix A.
2. THE GEOMETRIC CLASSIFICATION OF NILPOTENT NONCOMMUTATIVE JORDAN ALGEBRAS
2.1. Definitions and notation. Given an n-dimensional vector space V, the set Hom(V ⊗ V,V) ∼= V∗ ⊗
V∗ ⊗ V is a vector space of dimension n3. This space has the structure of the affine variety Cn3 . Indeed,
let us fix a basis e1, . . . , en of V. Then any µ ∈ Hom(V ⊗ V,V) is determined by n3 structure constants
ckij ∈ C such that µ(ei ⊗ ej) =
n∑
k=1
ckijek. A subset of Hom(V⊗ V,V) is Zariski-closed if it can be defined
by a set of polynomial equations in the variables ckij (1 ≤ i, j, k ≤ n).
Let T be a set of polynomial identities. The set of algebra structures onV satisfying polynomial identities
from T forms a Zariski-closed subset of the variety Hom(V⊗ V,V). We denote this subset by L(T ). The
general linear group GL(V) acts on L(T ) by conjugations:
(g ∗ µ)(x⊗ y) = gµ(g−1x⊗ g−1y)
for x, y ∈ V, µ ∈ L(T ) ⊂ Hom(V⊗ V,V) and g ∈ GL(V). Thus, L(T ) is decomposed into GL(V)-orbits
that correspond to the isomorphism classes of algebras. Let O(µ) denote the orbit of µ ∈ L(T ) under the
action of GL(V) and O(µ) denote the Zariski closure of O(µ).
Let A and B be two n-dimensional algebras satisfying the identities from T , and let µ, λ ∈ L(T ) repre-
sent A and B, respectively. We say that A degenerates to B and write A → B if λ ∈ O(µ). Note that in
this case we haveO(λ) ⊂ O(µ). Hence, the definition of a degeneration does not depend on the choice of µ
and λ. If A 6∼= B, then the assertionA→ B is called a proper degeneration. We write A 6→ B if λ 6∈ O(µ).
Let A be represented by µ ∈ L(T ). Then A is rigid in L(T ) if O(µ) is an open subset of L(T ). Recall
that a subset of a variety is called irreducible if it cannot be represented as a union of two non-trivial closed
subsets. A maximal irreducible closed subset of a variety is called an irreducible component. It is well
known that any affine variety can be represented as a finite union of its irreducible components in a unique
way. The algebra A is rigid in L(T ) if and only if O(µ) is an irreducible component of L(T ).
Given the spaces U andW , we write simply U > W instead of dim U > dim W .
92.2. Method of the description of degenerations of algebras. In the present work we use the methods
applied to Lie algebras in [4,17,18,38]. First of all, if A→ B and A 6∼= B, thenDer(A) < Der(B), where
Der(A) is the Lie algebra of derivations of A. We compute the dimensions of algebras of derivations and
check the assertion A→ B only for such A and B thatDer(A) < Der(B).
To prove degenerations, we construct families of matrices parametrized by t. Namely, let A and B be
two algebras represented by the structures µ and λ from L(T ) respectively. Let e1, . . . , en be a basis of V
and ckij (1 ≤ i, j, k ≤ n) be the structure constants of λ in this basis. If there exist aji (t) ∈ C (1 ≤ i, j ≤ n,
t ∈ C∗) such that Eti =
n∑
j=1
aji (t)ej (1 ≤ i ≤ n) form a basis of V for any t ∈ C∗, and the structure constants
of µ in the basis Et1, . . . , E
t
n are such rational functions c
k
ij(t) ∈ C[t] that ckij(0) = ckij , then A→ B. In this
case Et1, . . . , E
t
n is called a parametrized basis for A→ B.
Since the variety of 4-dimensional nilpotent noncommutative Jordan algebras contains infinitely many
non-isomorphic algebras, we have to do some additional work. Let A(∗) := {A(α)}α∈I be a series of
algebras, and let B be another algebra. Suppose that for α ∈ I , A(α) is represented by the structure µ(α) ∈
L(T ) and B ∈ L(T ) is represented by the structure λ. Then we say that A(∗) → B if λ ∈ {O(µ(α))}α∈I,
and A(∗) 6→ B if λ 6∈ {O(µ(α))}α∈I .
Let A(∗), B, µ(α) (α ∈ I) and λ be as above. To prove A(∗) → B it is enough to construct a family
of pairs (f(t), g(t)) parametrized by t ∈ C∗, where f(t) ∈ I and g(t) ∈ GL(V). Namely, let e1, . . . , en
be a basis of V and ckij (1 ≤ i, j, k ≤ n) be the structure constants of λ in this basis. If we construct
aji : C
∗ → C (1 ≤ i, j ≤ n) and f : C∗ → I such that Eti =
n∑
j=1
aji (t)ej (1 ≤ i ≤ n) form a basis of
V for any t ∈ C∗, and the structure constants of µf(t) in the basis Et1, . . . , Etn are such rational functions
ckij(t) ∈ C[t] that ckij(0) = ckij , then A(∗) → B. In this case Et1, . . . , Etn and f(t) are called a parametrized
basis and a parametrized index for A(∗)→ B, respectively.
We now explain how to proveA(∗) 6→ B. Note that ifDer A(α) > Der B for all α ∈ I then A(∗) 6→ B.
One can use also the following generalization of Lemma from [17], whose proof is the same as the proof of
Lemma.
Lemma 5. LetB be a Borel subgroup of GL(V) and R ⊂ L(T ) be aB-stable closed subset. If A(∗)→ B
and for any α ∈ I the algebra A(α) can be represented by a structure µ(α) ∈ R, then there is λ ∈ R
representing B.
2.3. The geometric classification of small dimensional noncommutative Jordan algebras. Thanks to
the description of all degenerations and orbit closures in the varieties of all 2-dimensional algebras [31] and
all 3-dimensional nilpotent algebras [14], we have the following statements.
Lemma 6. The variety of complex 2-dimensional noncommutative Jordan algebras has two irreducible
components defined by the following algebras:
E1(0, 0, 0, 0) : e1e1 = e1 e2e2 = e2
E5(α) : e1e1 = e1 e1e2 = (1− α)e1 + αe2 e2e1 = αe1 + (1− α)e2 e2e2 = e2
Lemma 7. The variety of complex 3-dimensional nilpotent noncommutative Jordan algebras has two irre-
ducible components defined by the following algebras:
J3∗04(λ) : e1e1 = λe3 e2e1 = e3 e2e2 = e3
J301 : e1e1 = e2 e1e2 = e3 e2e1 = e3
2.4. Rigid n-dimensional nilpotent noncommutative Jordan algebra. As follows from [3], every one
generated noncommutative Jordan algebra is associative; and from [32], we conclude that an one generated
algebra can not stay in the orbit closure of a non-one generated algebra (or a family of non-one generated
algebras). Then, summarizing we have the following lemma.
10
Lemma 8. Any n-dimensional one generated nilpotent Jordan algebra is commutative and it is isomorphic
to the following algebra
Jn : eiej = ei+j, 1 ≤ i, j ≤ n, i+ j ≤ n.
The algebra Jn is rigid in the variety of complex n-dimensional nilpotent noncommutative Jordan algebras.
2.5. The geometric classification of 4-dimensional nilpotent noncommutative Jordan algebras. The
main result of the present section is the following theorem.
Theorem B. The variety of complex 4-dimensional nilpotent noncommutative Jordan algebras has dimen-
sion 14. It is definded by 3 rigid algebras and two one-parametric families of algebras, and can be described
as the closure of the union of GL4(C)-orbits of the following algebras (α ∈ C):
N2(α) : e1e1 = e3 e1e2 = e4 e2e1 = −αe3 e2e2 = −e4
N3(α) : e1e1 = e4 e1e2 = αe4 e2e1 = −αe4 e2e2 = e4
J407 : e1e2 = e3 e1e3 = e4 e2e1 = e3 + e4 e2e3 = e4 e3e1 = e4 e3e2 = e4
J417 : e1e1 = e4 e1e2 = e3 e2e1 = −e3 e1e3 = e4 e2e2 = e4 e3e1 = −e4
J418 : e1e1 = e2 e1e2 = e3 e1e3 = e4 e2e1 = e3 e2e2 = e4 e3e1 = e4.
Proof. The variety of 4-dimensional noncommutative Jordan algebras has two principal subvarieties: 4-
dimensional 2-step nilpotent algebras and 4-dimensional Jordan algebras.
Recall that the full description of the degeneration system of 4-dimensional 2-step nilpotent algebras was
given in [29]. Using the cited result, we can see that the variety of 4-dimensional non-pure noncommutative
Jordan algebras has two irreducible components given by the following families of algebras:
N2(α) e1e1 = e3, e1e2 = e4, e2e1 = −αe3, e2e2 = −e4
N3(α) e1e1 = e4, e1e2 = αe4, e2e1 = −αe4, e2e2 = e4, e3e3 = e4.
Thanks to [14], the variety of 4-dimensional nilpotent Jordan algebras is defined by two rigid algebras:
J410 and J
4
18.
Now we can prove that the variety of 4-dimensional nilpotent noncommutative Jordan algebras has
five irreducible components. Thanks to Lemma 8, the algebra J418 is rigid. One can easily compute that
Der J407 = 2 and Der J
4
17 = 4. It is follows that J
4
17 6→ J407.
The list of all necessary degenerations is given in Table B (see Appendix A) and all needs arguments for
non-degenerations are given below:
Non-degeneration Arguments
J407 6→ N2(α),N3(α), J417 R = {A22 ⊆ A4, A23 = 0, c312 = c321, c413 = c431, c423 = c432}
J417 6→ N2(α),N3(α) R = {A23 = 0, c211 = c311 = c322 = 0}

APPENDIX A.
Table A. The list of 4-dimensional ”pure” nilpotent noncommutative Jordan algebras.
J401 : e1e1 = e2 e1e2 = e3 e2e1 = e3
J402 : e1e1 = e2 e2e3 = e4 e3e2 = e4 e3e1 = e4
J403 : e1e1 = e2 e1e2 = e4 e2e1 = e4 e3e1 = e4 e3e3 = e4
J404 : e1e1 = e2 e1e2 = e4 e2e1 = e4 e3e1 = e4
J405 : e1e1 = e2 e2e3 = e4 e3e2 = e4
J406 : e1e1 = e2 e1e2 = e4 e2e1 = e4 e3e3 = e4
J407 : e1e2 = e3 e1e3 = e4 e2e1 = e3 + e4 e2e3 = e4 e3e1 = e4 e3e2 = e4
J408 : e1e2 = e3 e1e3 = e4 e2e1 = e3 + e4 e2e2 = e4 e3e1 = e4
J409 : e1e2 = e3 e1e3 = e4 e2e1 = e3 + e4 e3e1 = e4
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J410 : e1e2 = e3 e1e3 = e4 e2e1 = e3 e2e3 = e4 e3e1 = e4 e3e2 = e4
J411 : e1e2 = e3 e1e3 = e4 e2e1 = e3 e3e1 = e4
J412 : e1e2 = e3 e1e3 = e4 e2e1 = e3 e2e2 = e4 e3e1 = e4
J413 : e1e2 = e3 e1e3 = e4 e2e1 = −e3 e3e1 = −e4
J414 : e1e1 = e4 e1e2 = e3 e1e3 = e4 e2e1 = −e3 e3e1 = −e4
J415 : e1e2 = e3 e1e3 = e4 e2e1 = −e3 + e4 e3e1 = −e4
J416 : e1e2 = e3 e1e3 = e4 e2e1 = −e3 e2e2 = e4 e3e1 = −e4
J417 : e1e1 = e4 e1e2 = e3 e1e3 = e4 e2e1 = −e3 e2e2 = e4 e3e1 = −e4
J418 : e1e1 = e2 e1e2 = e3 e1e3 = e4 e2e1 = e3 e2e2 = e4 e3e1 = e4
Table B. Degenerations of nilpotent noncommutative Jordan algebras of dimension 4.
J407 → J402 Et1 = −12e1 + 12e2 − 12e3 Et2 = −12e3 − 12e4 Et3 = te2 Et4 = −12 te4
J408 → J403 Et1 = te1 + 12e2 Et2 = te3 + 2t+14 e4 Et3 = te2 + 2t−14 e3 Et4 = t2e4
J403 → J404 Et1 = te1 Et2 = t2e2 Et3 = t2e3 Et4 = t3e4
J407 → J408 Et1 = (t2 + 1)e1 + t2e2 + t2e3 Et2 = te2 + t
2+1
2
e3
Et3 = t(t
2 + 1)e3 +
1
2
e4 E
t
4 = t(t
2 + 1)e4
J407 → J409 Et1 = e1 Et2 = te2 Et3 = te3 Et4 = te4
J407 → J410 Et1 = t−1e1 Et2 = t−1e2 Et3 = t−2e3 Et4 = t−3e4
J414 → J413 Et1 = e1 Et2 = t−1e2 Et3 = t−1e3 Et4 = t−1e4
J417 → J414 Et1 = t−1e1 Et2 = e2 Et3 = t−1e3 Et4 = t−2e4
J417 → J415 Et1 = 2ie1 − 2e2 Et2 = te2 Et3 = 2ite3 − 2te4 Et4 = −4te4
J417 → J416 Et1 = t−1e1 Et2 = t−2e2 Et3 = t−3e3 Et4 = t−4e4
REFERENCES
[1] Abdelwahab H., Caldero´n A.J., Kaygorodov I., The algebraic and geometric classification of nilpotent binary Lie algebras,
International Journal of Algebra and Computation, 29 (2019), 6, 1113–1129.
[2] Adashev J., Camacho L., Omirov B., Central extensions of null-filiform and naturally graded filiform non-Lie Leibniz
algebras, Journal of Algebra, 479 (2017), 461–486.
[3] Albert A., Power-Associative Rings, Transactions of the American Mathematical Society, 64 (1948), 3, 553–593.
[4] Burde D., Steinhoff C., Classification of orbit closures of 4–dimensional complex Lie algebras, Journal of Algebra, 214
(1999), 2, 729–739.
[5] Cabrera Serrano A., Cabrera Garcı´a M., Multiplicative primeness of strongly prime non-commutative Jordan algebras,
Journal of Algebra, 538 (2019), 253–260.
[6] Caldero´n Martı´n A., Ferna´ndez Ouaridi A., Kaygorodov I., The classification of bilinear maps with radical of codimension
2, arXiv:1806.07009
[7] Can˜ete E., Khudoyberdiyev A., The classification of 4-dimensional Leibniz algebras, Linear Algebra and its Applications,
439 (2013), 1, 273–288.
[8] Casas J., KhudoyberdiyevA., Ladra M., Omirov B., On the degenerations of solvable Leibniz algebras, Linear Algebra and
its Applications, 439 (2013), 2, 472–487.
[9] Cicalo` S., De Graaf W., Schneider C., Six-dimensional nilpotent Lie algebras, Linear Algebra and its Applications, 436
(2012), 1, 163–189.
[10] Darijani I., Usefi H., The classification of 5-dimensional p-nilpotent restricted Lie algebras over perfect fields, I., Journal of
Algebra, 464 (2016), 97–140.
[11] De Graaf W., Classification of 6-dimensional nilpotent Lie algebras over fields of characteristic not 2, Journal of Algebra,
309 (2007), 2, 640–653.
[12] De Graaf W., Classification of nilpotent associative algebras of small dimension, International Journal of Algebra and
Computation, 28 (2018), 1, 133–161.
[13] Demir I., Misra K., Stitzinger E., On classification of four-dimensional nilpotent Leibniz algebras, Communications in
Algebra, 45 (2017), 3, 1012–1018.
[14] Ferna´ndez Ouaridi A., Kaygorodov I., Khrypchenko M., Volkov Yu., Degenerations of nilpotent algebras,
arXiv:1905.05361
[15] Flanigan F. J., Algebraic geography: Varieties of structure constants, Pacific Journal of Mathematics, 27 (1968), 71–79.
12
[16] Gorshkov I., Kaygorodov I., KhrypchenkoM., The geometric classification of nilpotent Tortkara algebras, Communications
in Algebra, 48 (2020), DOI: 10.1080/00927872.2019.1635612
[17] Grunewald F., O’Halloran J., Varieties of nilpotent Lie algebras of dimension less than six, Journal of Algebra, 112 (1988),
315–325.
[18] Grunewald F., O’Halloran J., A Characterization of orbit closure and applications, Journal of Algebra, 116 (1988), 163–175.
[19] Hegazi A., Abdelwahab H., Classification of five-dimensional nilpotent Jordan algebras, Linear Algebra and its Applica-
tions, 494 (2016), 165–218.
[20] Hegazi A., Abdelwahab H., Caldero´n Martı´n A., Classification of nilpotent Malcev algebras of small dimensions over
arbitrary fields of characteristic not 2, Algebras and Representation Theory, 21 (2018), 1, 19–45.
[21] Hegazi A., Abdelwahab H., Caldero´n Martı´n A., The classification of n-dimensional non-LieMalcev algebras with (n−4)-
dimensional annihilator, Linear Algebra and its Applications, 505 (2016), 32–56.
[22] Ismailov N., Kaygorodov I., Volkov Yu., The geometric classification of Leibniz algebras, International Journal of Mathe-
matics, 29 (2018), 5, 1850035.
[23] Ismailov N., Kaygorodov I., Volkov Yu., Degenerations of Leibniz and anticommutative algebras, Canadian Mathematical
Bulletin, 62 (2019), 3, 539–549.
[24] Karimjanov I., Kaygorodov I., Khudoyberdiyev A., The algebraic and geometric classification of nilpotent Novikov alge-
bras, Journal of Geometry and Physics, 143 (2019), 11–21.
[25] Kaygorodov I., Khrypchenko M., Popov Yu., The algebraic and geometric classification of nilpotent terminal algebras,
arXiv:1909.00358
[26] Kaygorodov I., Lopatin A., Popov Yu., The structure of simple noncommutative Jordan superalgebras, Mediterranean
Journal of Mathematics, 15 (2018), 33.
[27] Kaygorodov I., Lopes S., Popov Yu., Degenerations of nilpotent associative commutative algebras, Communications in
Algebra, 48 (2020), ??
[28] Kaygorodov I., Pa´ez-Guilla´n P., Voronin V., The algebraic and geometric classification of nilpotent bicommutative algebras,
arXiv:1903.08997
[29] Kaygorodov I., Popov Yu., Pozhidaev A., Volkov Yu., Degenerations of Zinbiel and nilpotent Leibniz algebras, Linear and
Multilinear Algebra, 66 (2018), 4, 704–716.
[30] Kaygorodov I., Popov Yu., Volkov Yu., Degenerations of binary-Lie and nilpotent Malcev algebras, Communications in
Algebra, 46 (2018), 11, 4929–4941.
[31] Kaygorodov I., Volkov Yu., The variety of 2-dimensional algebras over an algebraically closed field, Canadian Journal of
Mathematics, 71 (2019), 4, 819–842.
[32] Kaygorodov I., Volkov Yu., Complete classification of algebras of level two, Moscow Mathematical Journal, 19 (2019), 3,
485–521.
[33] Khudoyberdiyev A., Rakhimov I., Said Husain Sh.K., On classification of 5-dimensional solvable Leibniz algebras, Linear
Algebra and its Applications, 457 (2014), 428–454.
[34] McCrimmon K., Structure and representations of noncommutative Jordan algebras, Transactions of the American Mathe-
matical Society, 121 (1966), 187–199.
[35] McCrimmon K., Noncommutative Jordan rings, Transactions of the American Mathematical Society, 158 (1971), 1, 1–33.
[36] Popov Yu., Representations of simple noncommutative Jordan superalgebras I, Journal of Algebra, 2019, DOI:
10.1016/j.jalgebra.2019.09.018
[37] Schafer R., Noncommutative Jordan algebras of characteristic 0, Proceedings of the American Mathematical Society, 6
(1955), 472–475.
[38] Seeley C., Degenerations of 6-dimensional nilpotent Lie algebras over C, Communications in Algebra, 18 (1990), 3493–
3505.
[39] Skjelbred T., Sund T., Sur la classification des algebres de Lie nilpotentes, C. R. Acad. Sci. Paris Ser. A-B, 286 (1978), 5,
A241–A242.
[40] Zusmanovich P., Central extensions of current algebras, Transactions of the American Mathematical Society, 334 (1992),
1, 143–152.
